Abstract. Controllability and stabilizability of a system of coupled strings with control applied at the coupled points is studied. By investigating the properties of certain exponential series, it is shown that the system is approximate controllable if and only if related systems of uncoupled strings do not share a common eigenvalue.
We say that the system is approximately controllable in time T, T > 0, if given any initial state (f, f) and terminal state (9, 92) both in X and any > 0, there exist controls (u,..., uv_) in U such that the solution of (1.1) with initial condition (1.4) satisfies
We also consider the related problem of stabilizability with feedback given by t)-t)
0-----'
i--1,...,N-1, where ki,i 1,...,N-1, are positive constants. Controllability of the system will then be established by the "controllability via stabilizability" method of Russell [15] . The stabilizability problem, for the case of constant wave speeds, has been considered by Chen, Coleman, and West [1] , Liu [11] , and Liu, Huang, and Chen [12] . There is some similarity between their results and the result we obtain in this paper. We will discuss that in the examples given in 5.
In 2, we will establish some results concerning exponential series that we will need for the proof of the main results. In 3, we will state and prove our main results on stabilizability and approximate controllability. Roughly speaking, it says that the whole system is approximately controllable if and only if the uncoupled strings do not share a common eigenvalue. In 4, we consider stabilizability with a uniform exponential decay rate and the related problem of exact controllability. A sufficient condition is given in terms of the Riesz basis property for certain sets of exponential functions. Some examples are discussed in 5.
2. Nonharmonic Fourier series. In this section, we study sequences of exponential where ,n -< n < , are real. Properties of functions of the form {e"t}n=_ completeness and independence of series of the form n an ei''t, known as nonharmonic Fourier series, have been investigated by, e.g., Levinson [8] and Riesz and Nagy [13] .
Russell has also studied the relationship between the properties of such series and results in control theory [14] , [15] . We first recall a definition. DEFINITION 2.1. Let X be a Hilbert space and let {0n}n%-be a sequence in X. We say that {(pn }__ is a Riesz basis of X i.f (RB1) s--p-a-fi{O "-c < n < cx} X; T] biorthogonal to {eiAnt'-c < n < c}. Let 6 T T and let (9, -cx < n < c} and h be functions in L2[0, (5] [4] , [5] , and Kormonik [7] ). Proof. We use a multiplier method similar to that used in Ho [6] . For simplicity of notation, let us drop the subscript and assume that the string extends from z 0 to :z: L. We first consider the observation 0 (z t) (3.9) 0(t)- 
Then by the differential equation (3.9) and conservation of energy, we have
O(t)2dt < TEo-KEo, (3.12) where c o(,0) +p (0) d 0= w and K is a constant that only depends on h and p. It follows from (3.12) that the system (3.5), (3.6) with observation (3.9) is strongly observable in any T such that T > K. The proof for strong observability for the observation O(t) (O/Oz)w(O, t) is similar.
We let {,k,,i}n__, be the sequence of eigenvalues of the system (Si) and {,i}l be the coesponding set of eigenfunctions satisfying
and we assume that n,i is noalized so that (3.14) , dx X,p,dx-1.
Xi
It is well known that strong observability is related to the Riesz basis property (more precisely, the property (RB2) in 1) of the exponential functions formed from the eigenvalues of the system (see Russell [14] , 15] By Theorem 2.6, the set {e+i)",t" 0 < n < oc} t {e+i)'n,+ t" 0 < n < oc} U {1} is strongly independent in L2[ Proof. By a multiplier method, (using, for example, the multiplier (x-(a/b)/2)Ow/Ox) we can easily prove the following inequality: Here Kl is a constant independent of w and s. Suppose that in addition, (4.6) w(a, t) k,, w(b, t) k2, 
where m max{r(a),r(b)}. Since this holds for any w satisfying (4.5) Ov(x, o) =0, for0 < x < L; 
Because F" is a bounded function, we can then find a constant 6 > 0, independent of n, such that for all n sufficiently large, (5.12) F'(,)I > (7-1L, + 7-2L2)/2 whenever IA-,nl < 6. From (5.10), (5.12) The results in the above examples are consistent with those in [2] and [11] . For example, it was shown in 11 that for the case of "symmetric" boundary conditions (5.20) with feedback (5.21) z(0, t) z(2, t) 0, zt(l+,t) zt(1-,t) --K17-1uz(1-,t), K > 0 the system is asymptotically stable if and only if the ratio of the wave speeds is irrational.
(in [11 ] , Liu took L L 2 1, L 2.) However, the system never decays with a uniform exponential rate.
For the case of "unsymmetric" boundary conditions However, it decays with a uniform exponential rate if
Cl/C2 an integer/an odd integer.
This last condition is, of course, the same as (5.19).
